We theoretically study the Kondo screening of a spin-1/2 magnetic impurity in the bulk of a type-II Weyl semimetal (WSM) by use of the variational wave function method. We consider a type-II WSM model with two Weyl nodes located on the kz-axis, and the tilting of the Weyl cones are along the kx direction. Due to co-existing electron and hole pockets, the density of states at the Fermi energy becomes finite, leading to a significant enhancement of Kondo effect. Consequently, the magnetic impurity and the conduction electrons always form a bound state, this behavior is distinct from that in the type-I WSMs, where the bound state is only formed when the hybridization exceeds a critical value. Meanwhile, the spin-orbit coupling and unique geometry of the Fermi surface lead to strongly anisotropic Kondo screening cloud in coordinate space. The tilting terms break the rotational symmetry of the type-II WSM about the kz-axis, but the system remains invariant under a combined transformation T R y (π), where T is the time-reversal operation and R y (π) is the rotation about the y-axis by π. Largely modified diagonal and off-diagonal components of the spin-spin correlation function on three principal planes reflect this change in band symmetry. Most saliently, the tilting terms trigger the emergence of non-zero off-diagonal components of spin-spin correlation function on the x-z principal plane.
I. INTRODUCTION
As representatives of a new state of topological quantum matter, topological semimetals 1 which host Dirac or Weyl fermions as low-energy excitations in the bulk have attracted much attention in recent years. Threedimensional (3D) Dirac semimetals have been realized experimentally in Na 3 Bi 2 and Cd 3 As 2 materials, 3, 4 where the Dirac points are stabilized by the inversion (P), time-reversal (T ) and crystalline symmetries. If the P or/and T symmetry is broken, a transition towards the Weyl semimetal (WSM) phase takes place and each Dirac point splits into a pair of Weyl nodes. [5] [6] [7] There has been tremendous interest in WSMs because a new TaAs family of WSMs was predicted theoretically 8, 9 and subsequently observed in experiments. [10] [11] [12] [13] [14] [15] [16] [17] The Weyl fermions in the TaAs family approximately respect the Lorentz symmetry. However, the Weyl fermions realized in condensed matter physics are quasiparticles which can violate the Lorentz invariance, indicating that the Weyl cones in momentum space can be tilted.
The two-dimensional (2D) tilted anisotropic Dirac cones have been found in the 8-pmmn borophene 18 and in the organic semiconductor α-(BEDT-TTF) 2 I 3 . 19, 20 In 3D systems, the band crossing points are more robust and generic than in 2D materials. Type-II Dirac or Weyl fermions [21] [22] [23] 29 , and observed in crystalline solid LaAlGe. 30 Type-II WSMs show remarkable properties such as anisotropic chiral anomaly, 22 unusual thermodynamic and optical responses in the presence of magnetic fields, [31] [32] [33] [34] and anomalous Hall effect.
35,36
Kondo effect takes place when a magnetic impurity forms a singlet with the conduction electrons at the temperature lower than the Kondo temperature and has been widely studied by using various methods. [37] [38] [39] [40] [41] [42] [43] [44] [45] In systems with isotropic Dirac cones, the magnetic impurity problem falls into the category of the pseudogap Kondo problem, [46] [47] [48] and has been constantly studied [49] [50] [51] [52] in recent years following the discoveries of various novel host systems in condensed matter physics. There exists a critical value of hybridization for the impurity and conduction electrons to form a bound state. 53, 54 On the other hand, the spin-orbit couplings in many of the systems lead to very rich features in the spin-spin correlation function between the magnetic impurity and the conduction electrons.
53,55
In the type-II WSM, the topology is compeletely unchanged by the tilting terms in comparison with the conventional type-I WSM. However, the type-II WSM has Fermi surfaces instead of Weyl nodes and thus gives rise to a finite density of states(DOS) 34 at the Fermi energy. The binding energy and the spatial spin-spin correlation of a magnetic impurity can reflect these changes in host materials. Hence the remarkable electronic structures of arXiv:1904.05192v1 [cond-mat.str-el] 10 Apr 2019 a type-II WSM are expected to largely modify the behavior of a magnetic impurity embedded in the bulk. Indeed we find that the binding energy and the spin-spin correlation between the magnetic impurity and conduction electrons show distinctions in comparison with their counterparts in a type-I WSM, 56 especially in the emergence of non-zero off-diagonal correlation functions on the x-z coordinate plane.
In this paper, we systematically investigate the binding energy and spatial spin-spin correlation function between a spin-1/2 magnetic impurity and the conduction electrons in a type-II WSM. We use the variational wave function method to perform the calculations. The variational method we apply has been used to study the ground state of the Kondo problem in normal metals, 44, 57 antiferromagnet, 58 2D helical metals, 53 and various novel topological materials. 56, [59] [60] [61] [62] The paper is organized as follows. We present the model Hamiltonian, dispersion as well as the electron and hole pockets at the Fermi level in Sec. II. In Sec. III, we apply the variational method to study the binding energy and present the differences caused by the tilting terms. In Sec. IV, we calculate the spin-spin correlation between the magnetic impurity and the conduction electrons in a type-II WSM on three principal planes in coordinate space and analyze the results. Finally, the discussions and conclusions are given in Sec. V.
II. HAMILTONIAN
We use the Anderson impurity model to study the Kondo screening of a spin-1/2 magnetic impurity in a type-II WSM, the total Hamiltonian is given by
H 0 is the kinetic energy term, H d describes the magnetic impurity part, and H V is the hybridization between the local impurity and the conduction electrons. The lowenergy effective Hamiltonian of a type-II WSM in momentum space is given by
h 0 (k) is obtained by expanding the lattice model Hamiltonian 31 (with lattice constant a 0 = 1) of a type-II WSM around the Weyl nodes. The Fermi energy is fixed as µ = 0 throughout this work. The basis vectors are given by Ψ k = {a k↑ , a k↓ , b k↑ , b k↓ } T , where a † ks (b ks ) creates (annihilates) an electron with spin-s (s =↑, ↓) on the a (b) orbit. σ α and τ α (α = x, y, z) are the spin and orbital Pauli matrices. In principle t and t can be different, but here we fix t = t and set them as the energy unit, in order to eliminate extra anisotropy caused. M k is obtained by expanding the term m 0 − α cos k α around the Weyl nodes, where the Dirac mass is m 0 = 3t. Notably h 0 (k) differs from the conventional type-I WSM Hamiltonian 7 by additional a tilt and ξ terms. Moreover, in order to stop the electron and hole pockets from spreading over the entire Brillouin zone, the term τ y σ 0 sin k z is replaced by τ z σ 0 sin k z 31 . In the original type-I WSM Hamiltonian given in Ref.
7 in the absence of b, a tilt and ξ, H 0 describes a Dirac semimetal with degenerate Dirac points located at k = 0. A nonzero b breaks the time-reversal symmetry, and a type-I WSM emerges with a pair of Weyl nodes at (0, 0, ±b/t) on the k z -axis. The transition from a type-I to type-II WSM takes place when a tilt increases sufficiently that the Weyl cones are strongly tilted along the k x direction leading to coexisting electron and hole states on the Fermi surface. ξ further breaks the symmetry between the electron and hole pockets around each Weyl node.
The single particle eigenenergy is given by
where in its diagonal basis reads
(5) The relation between the eigenstates γ † ki and γ ki and the original electron creation and annihilation operators are given in the appendix.
The localized state is described by
d † s and d s are the creation and annihilation operators of the spin-s (s =↑, ↓) state on the impurity site. d is the impurity energy level, and U is the on-site Coulomb repulsion.
Finally, the hybridization term between the localized state and the electron spins in the type-II WSM is given by
Here
, where Θ(x) is a step function, which is 1 for x > 0 and 0 for x < 0. Γ is the energy cut-off and is chosen as a large enough value, such that the low-energy physics is expected to be insensitive to the value of Γ. The impurity is equally coupled to the a, b orbits, and to the spin-up and -down states. In the diagonal basis of the type-II WSM, the hybridization part
The k-dependent impurity operators are connected to the original ones through transformation
where i = 1, 2, 3, 4 are the eeband indices, and the definition of Φ ij is given in the appendix.
In Fig. 1 we show the schematic of the dispersion of a type-II WSM for k y = 0. The two Weyl nodes are located on k z = ±b/t, and relatively large a tilt term generates a pair of electron and hole pockets around each Weyl node. The ξ term breaks the symmetry between the electron and hole pockets. Throughout this work, the Fermi energy is fixed as µ = 0, and the magnetic impurity energy level is d < µ. For large enough U the impurity site shall be always singly occupied.
In Fig. 2 we plot the electron and hole pockets for b = 0.5t. The electron and hole pockets only emerge when the tilting term a tilt becomes large enough. 31 We can see that while ξ = 0, for both a = 0.4t and 0.6t, the electron and hole pockets are symmetric. Finite ξ = 0.2t breaks the symmetry between the pockets around each Weyl node when a tilt = 0.4t. As ξ increases, the asymmetry between the pockets becomes more significant. The tilting terms modify the DOS at the Fermi energy and also break the rotational symmetry about the z-axis of the type-II WSM model Hamiltonian. Hence the binding energy and the spatial Kondo screening cloud are expected to be distinct from those in a conventional type-I WSM.
III. THE SELF-CONSISTENT CALCULATION
In order to investigate the eigenstate property, we utilize a trial wavefunction approach. The Coulomb repulsion U is assumed to be large enough, and d is below the Fermi energy, such that the impurity site is always singly occupied with a local moment. First, we may assume H V = 0, which is the simplest case that the magnetic impurity and the host material is completely decoupled from each other. The ground state of H 0 is given by
i is the band index, and the product runs over all states within the Fermi sea Ω. If we consider about a singly occupied impurity, and ignore the energy given by the hybridization, then the total energy of the system is just the sum of bare impurity energy and total energy of the WSM, If the hybridization is taken into account, the trial wave function for the ground state shall be
a 0 , a ki are all numbers and they are the variational parameters to be determined through self-consistent calculations. The energy of total Hamiltonian in the variational state |Ψ shall be
We can obtain Ψ|Ψ = a
Then the total energy of the type-II Weyl system with a magnetic impurity in the trial state |Ψ writes
The variational principle requires that ∂E/∂a 0 = ∂E/∂a k = 0, leading to two equations below:
We then obtain the self-consistent equation 
In Fig. 3 we present the self-consistent results of ∆ b as a function of V k /Γ for various combinations of a tilt and ξ. The results are obtained by numerically solving Eq. 16. Here we fix the value of b = 0.5t, and Γ is the energy cut-off. When a tilt = 0 and ξ = 0, H 0 describes a type-I WSM, such that the DOS at the Fermi energy vanishes. In this case, the magnetic impurity problem falls into the category of pseudogap Kondo problem.
46-48
The magnetic impurity and the conduction electron spins form a bound state only if the hybridization is stronger than a critical value. 56 If we slightly tilt the Weyl nodes (a tilt = 0.2t, ξ = 0 or a tilt = 0, ξ = 0.5t), the electron and hole pockets are not formed on the Fermi surface, so the DOS at the Fermi energy is still zero. Similar to the case of a type-I WSM, ∆ b is positive only if V k is larger than a critical value, but the values of ∆ b slightly increase for the same hybridization strength, indicating that for the tilted system the bound state is more easily formed although the DOS at the Fermi energy is still zero. If we go on to increase the tilting term to a tilt = 0.4t, as given in Fig. 2 , a pair of electron and hole pockets emerge around each Weyl node, leading to a finite DOS at the Fermi energy. We can see that for a tilt = 0.4t, ∆ b for small V k is close to zero but becomes positive. It means that for any small but positive values of V k the impurity and the host material always form a bound state. If a nonzero value of ξ is added, then the electron and hole pockets become asymmetric, leading to a larger value of DOS at the Fermi energy. Hence for these cases the binding energy becomes larger than the symmetric case when ξ is zero. 
IV. SPIN-SPIN CORRELATION
In this section, we study the spin-spin correlation between the magnetic impurity and the conduction electrons in type-II WSMs. The spin operators of the magnetic impurity and conduction electrons in type-II WSMs are defined as
T are the annihilation operators on impurity site and on the two orbits in the type-II WSM, respectively. Without loss of generality, we choose the position of magnetic impurity as r = 0. Consequently, in momentum space, the impurity is equally coupled to each band, and the hybridization V k is in fact independent of k.
Both the a and b orbits contribute to the spin-spin correlation between the magnetic impurity and the conduction electron located at r. The correlation function consists of two parts, J uv (r) = S The magnitude of the binding energy ∆ b depends directly on the DOS at the Fermi energy. In a Dirac semimetal or in a type-I WSM, the DOS vanishes at the Dirac points or Weyl nodes, so there exists a threshold of the hybridization strength for a positive ∆ b . However, if one tunes µ away from the Dirac points or the Weyl nodes, the DOS at the Fermi energy becomes finite. ∆ b always has a positive solution, that the localized state and the conduction electrons form bound states for arbitrarily small V k . On the other hand, once the bound states are formed, the spatial spin-spin correlation functions are not much affected by the choice of µ except for the magnitude. In this present paper, the spin-spin correlation function is evaluated for µ = 0. The diagonal and the off-diagonal terms of the spin-spin correlation in coordinate space are given by Eq. S6 in the appendix. For a finite value of µ, the spatial patterns of the various components of the spin-spin correlation are expected to be qualitatively the same.
In Fig. 4 -Fig. 6 we show the results of the spin-spin correlation between the local magnetic impurity and the conduction electrons on the x-y, y-z and x-z plane in the coordinate space. We fix b = 0.5t, and three typical combinations of tilting terms are: (1) a tilt = ξ = 0 representing a type-I WSM, (2) a tilt = 0.4t and ξ = 0 with symmetric electron and hole pockets and (3) a tilt = 0.4t and ξ = 0.5t representing a type-II WSM with asymmetric electron and hole pockets.
In the first case, the time-reversal symmetry is broken, but the system preserves the rotational symmetry about the z-axis, so we have
, where R z (β) is a rotation operator about the z-axis.
As the a tilt and ξ terms become finite the rotational symmetry about the z-axis is broken, but one can easily demonstrate that the Hamiltonian is still invariant under a combined operation T R y (π), where T is the time-reversal operation and R y (π) is a rotation of angle π about the y direction. Under the transformation T R y (π) we have {x, y, z} → {−x, y, −z}, {k x , k y , k z } → {k x , −k y , k z }, {s x , s y , s z } → {s x , −s y , s z }.
(18)
Large enough a tilt generates a pair of electron and hole pockets around each Weyl node, and a non-zero ξ triggers the asymmetry between the electron and hole pockets as plotted in Fig. 2 . The change in the band structure and DOS due to the a tilt and ξ terms naturally leads to the modifications in the spin-spin correlation between the magnetic impurity and the conduction electron spins. In fact, the binding energy ∆ b shall take different values while the model parameters change. However, we may fix the value of ∆ b in the spin-spin correlation calculations in order to mainly concentrate on the spatial patterns. The parameter we use in this section is V k = 0.1t and ∆ b = 0.1t. The length unit is chosen as 1/k d where k d is the momentum cut-off. The values of A mn (r) given in Eq. S5 are complex numbers in general, so natually the off-diagonal terms J uv (r) = J vu (r), (u, v = x, y, z). However, we find that J uv (r) and J vu (r) shows similar patterns with same symmetry property on the three principal planes. Hence we only plot the components J xz (r), J yz (r) and J xy (r) in the maintext, and others are discussed and plotted in the appendix. A positive (negative) value of the diagonal component indicates the ferromagnetic (antiferromagnetic) correlation between the impurity spin and the conduction electron spin.
In Fig. 4 we show the results of the diagonal and offdiagonal terms of the spin-spin correlation between the magnetic impurity and the conduction electrons on the y-z plane in coordinate space. In Fig. 4 (a) the tilting terms vanish (a tilt = ξ = 0), so the Hamiltonian describes a Type-I WSM with two Weyl nodes located at ±b/t on the k z -axis. b breaks the time-reversal symmetry, but the system still preserves the rotational symmetry about the z-axis. Hence in Fig. 4 (a) J zz (r) has rotational symmetry on the x-y plane, and the correlation is antiferromagnetic nearby the magnetic impurity, and oscillates as |r| increases. The other two diagonal terms have the relation J xx (r) = J yy (R z (π/2)r), and both are ferromagnetic along one real space axis while are antiferromagnetic along the other axis. Among the off-diagonal terms, only J xy (r) is nonzero. By carefully examining the results we find that the terms J , so finally the off-diagonal components J xz (r) and J yz (r) vanish on the x-y plane. According to the transformation given in Eq. 18 J xy (x, y) = −J xy (−x, y), and if x = 0 the off-diagonal term J xy (r) is always zero. This is valid even if the tilting terms are added, as given in Fig. 4 (b) and (c) since the system is still invariant under T R y (π). When the a tilt term becomes finite as shown in Fig. 4 (b) , all the four terms of the spin-spin correlation function lose the rotational symmetry of π about the z direction. We can see that all the three diagonal terms are tilted along the y-axis, and this change is most obvious in J zz (r). The magnitude of the off-diagonal term J xy (r) also becomes asymmetric with respect to the xaxis. If the term ξ is also imposed as is shown in Fig. Plotted in Fig. 5 are the components of the spinspin correlation on the y-z principal plane. Among the off-diagonal terms, only J yz (r) is nonzero. J xz (r) and J xy (r) vanish because the a-orbital and b-orbital contributions cancel with each other. In Fig. 5 (a) we show the spin-spin correlation for the type-I WSM. The system preserves the rotational symmetry about the zaxis. Consequently, all the three diagonal terms show J uu (r) = J uu (R z (π)r) (u = x, y, z). Moreover, due to the T R y (π) symmetry, the diagonal terms also exhibit the property J uu (y, z) = J uu (y, −z). As to the off-diagonal term we have J yz (r) = J yz (R y (π)r) and J yz (y, z) = −J yz (y, −z). With finite a tilt and ξ as in Fig. 5 (b) and (c), the rotational symmetry is broken, and the WSM is only invariant under the operation T R y (π). In the presence of a finite a tilt as in Fig. 5 (b) , we can see that the rotational symmetry of π of spin-spin correlations is broken. However, the diagonal terms have the property J zz (y, z) = J zz (y, −z), J xx (y, z) = J xx (y, −z) and J yy (y, z) = J yy (y, −z) due to the transformation given in Eq. 18. The off-diagonal term is J yz (y, z) = −J yz (y, −z). Even if the tilting term ξ is added, the system is still invariant under the combined T R y (π) transformation, such that diagonal terms are symmetric about the z-axis while the off-diagonal term is J yz (y, z) = −J yz (y, −z).
In Fig. 6 we show the spin-spin correlation function on the x-z coordinate space for b = 0.5t, a tilt = 0.4t and ξ = 0.5t. For the case b = 0.5t in the absence of tilting terms, the system has rotational symmetry about the z-axis, and is also invariant under T R y (π). In this case, the results on the x-z plane have a direct relation with those on yz plane, that J zz (x, z) = J zz (y, z), J xx (x, z) = J yy (y, z) and J yy (x, z) = J xx (y, z). Among the off-diagonal terms, only J xz (r) is nonzero and it is related to the correlation on the y-z plane by J xz (x, z) = J yz (y, z). Hence when a tilt = ξ = 0, we can relate all the non-zero components of spin-spin correlation on the x-z plane with those on the y-z plane.
Very interestingly, the tilting term a tilt = 0.4t triggers non-zero off-diagonal components J yz (r) and J xy (r) on the x-z plane. If a nonzero ξ is added, the spatial pattern of the correlations are slightly modified, but the symmetry properties remain the same so we only show the results of b = 0.5t, a tilt = 0.4t and ξ = 0.5t in Fig.  6 . Once the tilting terms become finite, the rotational symmetry about the z-axis is broken, but the system is still invariant under the transformation T R y (π). Hence the diagonal terms J xx (r), J yy (r) and J zz (r) show inversion symmetry on the x-z plane, which can be given as J uu (x, z) = J uu (−x, −z). The off-diagonal term J xz (r) also shows the same inversion symmetry, while J yz (r) = −J yz (r) and J xy (r) = −J xy (−r) since the spin operator s y → −s y under the operation T R y (π) as given in Eq. 18.
V. CONCLUSIONS
In summary, we have utilized the variational wave function method to investigate the binding energy and the spatial anisotropy of the Kondo screening cloud in a type-II WSM. The type-II WSM is defined by a continuous four-band model Hamiltonian, with a pair of Weyl nodes located on the k z -axis. In the presence of tilting terms, the Weyl cones are tilted along the k x direction forming pairs of electron and hole pockets. The DOS becomes finite at the Fermi energy, so the Kondo effect is significantly enhanced. The bound state is always favored by the magnetic impurity and the type-II WSMs. This behavior is distinct from that in a type-I WSM, where the bound state is only formed if V k > V c , 56 where V c is a threshold of hybridization strength. The spatial spin-spin correlation function shows very strong anisotropy due to the spin-orbit coupling and the unique band structure of the type-II system. The topology of the type-II WSM is the same as the type-I WSM, but the geometry of the bands and the DOS become distinct. The tilting terms a tilt and ξ break the rotational symmetry about the zdirection. However, the type-II WSM model Hamiltonian remains invariant under T R y (π). Our spin-spin correlation results reflect these changes in the host materials. All the non-zero components of the spin-spin correlation function on the three principal planes are largely modified by the tilting terms. The most significant changes are the emergence of several non-zero off-diagonal correlation functions in type-II WSMs on the x-z coordinate plane. It has been theoretically suggested that the topology and the form of Fermi surface of a type-II WSM are very sensitive to pressure, strain and elastic deformation.
22,63
This offers as an opportunity to tune the Kondo effect in various regimes in the type-II WSMs. The type-II WSM also shows unique Fermi arc surface states, 64 and we will address the issue of magnetic impurity in the novel surface states in future work. where the numbers {i, m, n} = {1, 2, 3, 4}. Both the a and b orbits of the type-II WSM contribute to the spin-spin correlation between the magnetic impurity and the conduction electron located on r. Subsequently, the correlation function consists of two parts, J uv (r) = S 
A mn (r) given in Eq. S5 are complex numbers, so J uv (r) = J vu (r) in general. Below we will mainly analyze the nonzero off-diagonal components of spin-spin correlation on the three principal planes.
J xy (r) and J yx (r) are nonzero on the x-y plane, and also on the x-z plane in presence of tilting terms. We find that the second terms of J Consequently, on the x-y and x-z coordinate planes, J xy (r) = J yx (r).
J yz (r) and J zy (r) are nonzero on y-z plane, and also on the x-z plane in the presence of tilting terms. On the y-z plane, J yz (r) = J zy (r), and we plot the results of J zy (r) on the y-z plane on Fig. S7 .
On the x-z plane, and in the absence of a tilt and ξ, the model Hamiltonian of the type-II WSM preserves the rotational symmetry about the z direction. Hence one may have J xz (x, z) = J yz (y, z) and J zx (x, z) = J zy (y, z). In Fig. S8 we show the results of non-zero off-diagonal components of spin-spin correlation function on the x-z plane. Remarkably, we find that J zy (r) is negative while z > 0 while J yz (r) is positive. J zx (r) is different in values in comparison with J xz (r) plotted in Fig. 6 .
